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Abstract. We define and give some properties and characteriza-
tions of S-rings of Krull type. We also determine, in the case of
an independent S-ring of Krull type A, the injective dimension of
the quotient category Mod(A)/M0, where M0 is the thick sub-
category of the modules with trivial maps into the codivisorial
modules.
Introduction
Let A be a ring of Krull type and Ω, (resp. Ωt) a defining (resp.
the thin defining) family for A (see [6] and [7]), let Mod(A) denote the
category of all unitary A-modules and letM0 denote the full subcate-
gory of Mod(A) consisting of all modules M such that Mω = 0 for all
ω ∈ Ω, and letM denote the full subcategory of all A-modules M such
that M has no subobject other then 0 belonging to M0 (the elements
of M are said to be codivisorial).
In [6] we have proved that the category M is closed under injec-
tive envelopes. So, it is natural to wonder for which rings of Krull type
the category M0 is also closed under injective envelopes.
We define S-ring of Krull type as a ring of Krull type such that the
category M0 is closed under injective envelopes.
The purpose of this paper is to study some properties of a S-ring
of Krull type.
In the first section of this paper we give some properties and char-
acterizations of S-rings of Krull type by using c-ideals and injective
envelopes notions. We recall that in [7], we have proved that the prop-
erty “ E(M)ω ≃ E(Mω) for all ω ∈ Ω
t ” is true for all codivisorial
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A-module M exactly if A is an independent ring of Krull type (see [7]
Prop. 1.9.); in this section, we prove that this property is true for all
A-module M exactly if A is an independent S-ring of Krull type.
In the second section we study injective dimension in the category
quotient Mod(A)/M0. Essentially, we prove that in the case of an
independent S-ring of Krull type A we have,
inj.dimA(M) = inj.dimMod(A)/M0(TM) for all ℜω-module M and ω ∈ Ω
t.
and
inj.dim(Mod(A)/M0) = sup
ω∈Ωt
gl.dim(ℜω).
We recall that in an abelian category A we have the followings defi-
nitions and results:
- A non-empty full subcategory C of A is called thick if the following
holds: If
0 −→M ′ −→M −→ M ′′ −→ 0
is a short exact sequence in A, then M is an object of C if and only
if M ′ and M ′′ are objects of C.
- It is not difficult to show thatM0 is a thick subcategory of Mod(A),
and we can then consider the quotient category Mod(A)/M0 of
Mod(A) byM0, and the canonical functor T : Mod(A) −→Mod(A)/M0
(for more details, see ([2], Chap. III)).
- Throughout this paper we will use the notation and terminology
of [3], [4], [6], and [7] for valuation ring, defining family, thin defining
family and the center of a valuation.
For the sake of completeness we give here the central definitions and
notations.
Let A be an integral domain with identity having quotient field K, Ω
be a set of valuations of K, and consider the following conditions on Ω
(1) A =
⋂
ω∈Ω
ℜω, where ℜω is the ring of ω.
(2) ω is essential for A; ie, ℜω is a quotient ring for A.
(3) For every non-zero element x ∈ K, the set {ω ∈ Ω : ω(x) 6= 0} is
finite.
(4) The valuations of Ω are pairwise independent.
(5) Each ω of Ω is rank one discrete.
Following Griffin [3] we say that A is a ring of Krull type (respectively
an independent ring of Krull type) if Ω satisfies (1), (2) and (3) (re-
spectively (1) − (4)). A domain with a familly Ω satisfying (1)-(5) is
said to be a krull domain.
In any of the above cases, the set Ω is called a defining family for A.
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Without loss of generality, we may assume that Ω does not contain two
equivalent valuations.
A thin defining family for A is a defining family Ωt for A such that for
all ω 6= υ ∈ Ωt, we have ℜω 6⊂ ℜυ; which is equivalent to ℘(ω) 6⊂ ℘(υ)
for all ω 6= υ ∈ Ωt (see [6]). The existence of a thin defining family is
confirmed by Griffin in [4] (see Lemma 18). It is easily seen, by using
Proposition 12 of [3], that such family is unique.
For a non-zero element a of A and a non-zero ideal ϑ of A, we denote
by Ω(a) and Ω(ϑ) the following finite subsets of Ω
Ω(a) = {ω ∈ Ω/a ∈ ℘(ω)} and Ω(ϑ) = {ω ∈ Ω/ϑ ⊆ ℘(ω)}
where ℘(ω) = A ∩ ℘ and ℘ is the maximal ideal of the valuation ω.
If M is an A-module, we denote by Mω the localization of M at the
prime ideal ℘(ω).
Throughout this paper A will denote a ring of Krull type and K the
quotient field of A.
1. S-rings of Krull type
Our objective in this section is to give some properties and charac-
terizations of a S-ring of Krull type, and prove that A is an independent
S-ring of Krull type if and only if E(Mω) ≃ E(M)ω for all A-module
M and all ω ∈ Ωt.
Let M be an A-module. In what follows, we introduce the following
subset of M
M c = {x ∈M : Ann(x)c = A}.
It easily seen that M c is the maximal submodule of M belonging to
M0 (M
c = ker(PM) where PM : M −→
∏
ω∈ΩMω is the canonical
mapping), and that M/M c is a codivisorial module. We begin with a
theorem.
Theorem 1.1. Let A be a ring of Krull type. Then the following
conditions are equivalent:
1) If M is an A-module not belonging to M0, then M has a non-zero
codivisorial submodule.
2) For all A-moduleM and all essential extension N ofM , ifM ∈M0,
then so is N .
3) M0 is closed under injective envelopes.
4) E(M c) = E(M)c For all A-module M .
5) If E is an injective A-module, then so is Ec.
6) For all ideal ϑ of A, there exists an ideal ϑ′ of A such that ϑ′c = A
and ϑ = ϑc ∩ ϑ
′.
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7) For all ideal ϑ of A, the A-module A/ϑc is injected in A/ϑ.
8) For all ideal ϑ of A with ϑc 6= A, there exists a ∈ A− ϑc such that
ϑ :A a = ϑc :A a.
9) For all ideal ϑ of A with ϑc 6= A, there exists a ∈ A− ϑc such that
ϑ :A a is a c-ideal.
Proof.
1)⇒ 2) If N /∈M0 then there exists a non-zero codivisorial submodule
N ′ of N . Since N is an essential extension of M , N ′ ∩M is a non-zero
codivisorial submodule of M , and M will be not in M0; a contradic-
tion.
2)⇒ 3) Trivial.
3) ⇒ 4) We have E(M c) ∈ M0, and hence E(M
c) ⊂ E(M)c by the
maximality of E(M)c. E(M)c is an essential extension of M c because
E(M)c ∩M = M c. Thus E(M c) = E(M)c.
4) ⇒ 5) Let E be an injective module. Then E(Ec) = E(E)c = Ec.
Hence Ec is injective.
5) ⇒ 6) Consider E = E(A/ϑ). Ec is an injective submodule of E,
then there exists a submodule E ′ of E such that E ′ ⊕ Ec = E. It is
easily seen that E ′ is codivisorial. Let 1 = x1 + x2 where x1 ∈ E
′
and x2 ∈ E
c. Then ϑ = Ann(x1) ∩ Ann(x2). Since E
′ is codivisorial,
Ann(x1) is a c-ideal of A (see [6], Proposition 1.5) contains ϑ, then it
also contains ϑc, and we can then replace Ann(x1) by ϑc. On the other
hand, Ec ∈M0, then Ann(x2)c = A.
6)⇒ 7) We have ϑ = ϑc∩ϑ
′ where ϑ′c = A. Obviously ϑ
′ 6⊂
⋃
ω∈Ω(ϑ)
℘(ω),
for if an ideal contained in a finite union of prime ideals then it con-
tained in one of them. Let a ∈ ϑ′ −
⋃
ω∈Ω(ϑ)
℘(ω). Then ϑ :A a = (ϑc :
a) ∩ (ϑ′ :A a) = ϑc : a. But since a is a unit in ℜω for all ω ∈ Ω(ϑ) it
follows that ϑc : a = ϑc. Hence ϑ :A a = ϑc.
7) ⇒ 8) If ϑ = ϑc, then we take a = 1. Suppose that ϑ 6= ϑc and let
a ∈ A such that ϑ :A a = ϑc, then (ϑ :A a)c = ϑc :A a = ϑc, it follows
that a /∈ ϑc and that ϑ :A a = ϑc :A a.
8)⇒ 9) Trivial.
9)⇒ 1) Suppose that M c (M and let x ∈M −M c. Then Ann(x)c 6=
A. Hence there exists a ∈ A − Ann(x)c such that Ann(x) :A a is a
c-ideal. This implies Ann(ax) is a c-ideal. This show that Aax is a
non-zero codivisorial submodule of M (see [6], Proposition 1.5). 
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Definition 1.2. A domain A is said to be a S-ring of Krull type if A
is a ring of Krull type and satisfies the equivalent conditions of Theo-
rem 1.1. A is said to be an independent S-ring of Krull type if A is a
S-ring of Krull type and an independent ring of Krull type.
The trivial examples of S-rings of Krull type are, finite intersection
of rings of valuations of a field K, h-local Pru¨fer rings, and generally
Pru¨fer rings of Krull type; since in these cases we have M0 = 0.
Definition 1.3. We say that ϑ′ is c-associated to ϑ if ϑ = ϑc ∩ ϑ
′ and
ϑ′c = A.
Proposition 1.4. Let A be a ring of Krull type. Then A is a S-ring
of Krull type if and only if E(A/ϑc) is injected in E(A/ϑ) for all ideal
ϑ of A.
Proof. We use the conditions (7) and (9) of Theorem 1.1. 
Proposition 1.5. Let A be a ring of Krull type. Then we have:
1) Suppose that ϑ :A a = ϑc, then ϑc ∩ (aA+ ϑ) = ϑ.
2) Let ϑ′ be an ideal c-associated to ϑ, then there exists p ∈ ϑ′ such
that pA+ ϑ is an ideal c-associated to ϑ.
Proof.
1) Notice that the assumption that ϑ :A a = ϑc ensures that ϑ :A a is a
c-ideal of A and then ϑ :A a = (ϑ :A a)c = ϑc :A a (see [6], Proposition
1.2 (d)). Let d = ac + b, c ∈ A, b ∈ ϑ and suppose that d ∈ ϑc, then
ac ∈ ϑc, hence c ∈ ϑc :A a = ϑc, so d ∈ ϑ.
2) Let p ∈ ϑ′ −
⋃
ω∈Ω(ϑ)
℘(ω), it is clear that ϑ = ϑc ∩ (pA + ϑ), and
since Ω(p) ∩ Ω(ϑ) = ∅, we have (pA+ ϑ)c = A. 
Proposition 1.6. Let A be a ring of Krull type. The following condi-
tions are equivalent:
1) A is a S-ring of Krull type.
2) (ϑ : ϑc)c = A for all ideal ϑ of A.
3) (ϑ : ϑ′)c = ϑc : ϑ
′
c for all ideal ϑ, ϑ
′ of A.
4) (ϑ : ϑ′)c = ϑc : ϑ
′ for all ideal ϑ and c-ideal ϑ′ of A.
Proof.
1)⇒ 2). Let t ∈ A such that tA+ ϑ is an ideal c-associated to ϑ. It is
clear that t /∈
⋃
ω∈Ω(ϑ)
℘(ω). Let b ∈ ϑc, then tb ∈ ϑc∩(ϑ+tA) = ϑ, hence
t ∈ ϑ : ϑc, but Ω(ϑ : ϑc) ⊂ Ω(ϑ). So Ω(ϑ : ϑc) = ∅; i.e. (ϑ : ϑc)c = A.
2) ⇒ 3). Let a ∈ ϑ : ϑ′, then aϑ′ ⊂ ϑ, hence a(ϑ′)c = (aϑ
′)c ⊂
ϑc; i.e. a ∈ ϑc : ϑ
′
c. Therefore ϑ : ϑ
′ ⊂ ϑc : ϑ
′
c, but since ϑc : ϑ
′
c
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is a c-ideal (see [6], Proposition 1.2), we have (ϑ : ϑ′)c ⊂ ϑc : ϑ
′
c.
Conversely, since (ϑ : ϑc)c = A, we have for all ω ∈ Ω there exists
tω ∈ (ϑ : ϑc) ∩ (A − ℘(ω)). Let a ∈ ϑc : ϑ
′
c, then aϑ
′
c ⊂ ϑc, hence
tωaϑ
′
c ⊂ tωϑc ⊂ ϑ, and then tωaϑ
′ ⊂ ϑ; i.e. tωa ∈ ϑ : ϑ
′. Thus
a ∈ (ϑ : ϑ′)c, and (ϑ : ϑ
′)c = ϑc : ϑ
′
c.
3)⇒ 4) is trivial.
4) ⇒ 1). Let ϑ be an ideal of A, then (ϑ : ϑc)c = ϑc : ϑc = A. Then
there exists t ∈ (ϑ : ϑc) ∩ (A −
⋃
ω∈Ω(ϑ)
℘(ω)). Consider ϑ′ = ϑ + tA.
it is clear that ϑ′c = A. Let b ∈ ϑc ∩ ϑ
′, then b = a + tc ∈ ϑc where
a ∈ ϑ, c ∈ A, hence tc ∈ ϑc, therefore c ∈ ϑc, but t ∈ ϑ : ϑc, then
tc ∈ ϑ. So b ∈ ϑ. Thus ϑ = ϑc ∩ ϑ
′, where ϑ′c = A. By Theorem 1.1,
we have A is a S-ring of Krull type. 
Remark. We note that in a any ring of Krull type we have the follow-
ing results:
(2) is true if ϑc = ϑ, ϑc = A or ϑc is finitely generated (see [6],
Proposition 1.2. (d)).
(3) is true if ϑc = ϑ, ϑc = A, ϑ
′
c = A or ϑ
′ is finitely generated.
(4) is true if ϑc = ϑ, ϑc = A or ϑ
′ is finitely generated.
Proposition 1.7. Let A be a ring of Krull type. Then A is a S-ring of
Krull type if and only if E(M/M c) ≃ E(M)/E(M)c for all A-module
M .
Proof. Suppose that A is a S-ring of Krull type. We have the homo-
morphism
M/M c −→ E(M)/E(M)c
m˜ −→ m,
but since E(M)c ∩M = M c, this homomorphism is injective. On the
other hand, since E(M)c = E(M c) is injective, there is a submodule E
of E(M) such that E(M)c ⊕ E = E(M). Let x ∈ E(M), x /∈ E(M)c,
then there exists x1 ∈ E(M)
c, 0 6= x2 ∈ E such that x = x1 + x2, and
there exists a ∈ A, 0 6= m ∈ M such that ax2 = m. It is clear that
m 6= 0 and that ax = m, so the monomorphism
M/M c −→ E(M)/E(M)c
m˜ −→ m,
is an essential extension. But E(M)/E(M)c ≃ E; i.e. E(M)/E(M)c is
injective. Thus E(M)/E(M)c ≃ E(M/M c). Conversely, suppose that
E(M/M c) ≃ E(M)/E(M)c for all A-module M . let M ∈ M0, then
M = M c, hence E(M)/E(M)c
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= 0. Therefore E(M) = E(M)c for all A-moduleM ∈M0. M0 is then
closed under injective envelopes. Thus A is a S-ring of Krull type. 
The next proposition gives a characterization of an independent S-
ring of Krull type.
Proposition 1.8. Let A be a ring of Krull type. Then A is an in-
dependent S-ring of Krull type if and only if E(M)ω ≃ E(Mω) for all
A-modules M and all ω ∈ Ωt. In this case we have, Eω is an injective
A-module for all injective A-module E and all ω ∈ Ωt.
Proof. The “if part” follows immediately from 3) of Theorem 1.1 and
Proposition 1.9. of [7]. For the “only if part”, we have E(M)/E(M)c ≃
E(M/M c), then E(M)ω/E(M)
c
ω ≃ E(M/M
c)ω, hence E(M)ω ≃ E(M/M
c)ω,
but M/M c is codivisorial and A is an independent ring of Krull type,
then by Proposition 1.9. of [7] we have E(M/M c)ω ≃ E((M/M
c)ω) =
E(Mω/M
c
ω) = E(Mω), so E(M)ω ≃ E(Mω). The last assertion is
trivial. 
Let A be a ring of Krull type and Ω be a defining family for A. Let
us denote by ξ the set of all ideals ϑ of A such that ϑℜω is principal
for all ω ∈ Ω. Then we have the following result.
Proposition 1.9. Let A be an independent ring of Krull type and let
ϑ be an ideal of A that lies in ξ. Then there exists t ∈ A such that
ϑc = ϑ : t.
Proof. If ϑc = A, then t = 0 does the job, so let us assume that ϑc 6= A;
i.e, Ωt(ϑ) 6= ∅. We have ϑc =
⋂
ω∈Ωt(ϑ)
(aωℜω ∩ A) where aω ∈ ϑ for all
ω ∈ Ωt(ϑ). By Lemma 2.13. of [6], there exists a ∈ ϑ such that
ω(a) = ω(aω) for all ω ∈ Ω
t(ϑ), and By the approximation theorem
for independent ring of Krull type (see [4] and [5]), there exists t ∈ A
such that ω(t) = 0 for all ω ∈ Ωt(ϑ) and ω(t) = ω(a) for all ω ∈
Ωt(a)− Ωt(ϑ). Since t /∈
⋃
Ωt(ϑ)
℘(ω), we have ϑ : t ⊂ ϑc. Conversely, let
d ∈ ϑc, then
ω(td)


= ω(d) ≥ ω(a) if ω ∈ Ωt(ϑ)
≥ ω(t) = ω(a) if ω ∈ Ωt(a)− Ωt(ϑ)
≥ 0 = ω(a) if ω /∈ Ωt(a)
Hence td ∈ aA ⊂ ϑ. Thus ϑ : t = ϑc 
By using Proposition 1.9 and the fact that in the case of Krull do-
mains, ξ is the set of all ideals, we find the following result due to
Beck:
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Corollary 1.10. (Beck, 1971, Corollary 3.5) A Krull domain is a S-
ring of Krull type.
Recall [7] that a ring of Krull type A is said to be a (P )-ring if
A possesses a defining family consisting of valuations with principal
maximal ideals.
Proposition 1.11. Let A be a (P )-ring. Then we have
1) Ass(A/ϑc) = Ω
t(ϑ) for every ideal ϑ ∈ ξ.
2) If A is an independent ring of Krull type, then Ωt(ϑ) = {℘ ∈
Ass(A/ϑ) : ℘ = ℘c} for every ideal ϑ ∈ ξ.
3) If A is a S-ring of Krull type, then Ωt(ϑ) = {℘ ∈ Ass(A/ϑ) : ℘ =
℘c} for every ideal of A.
Proof.
1) In view of Corollary 1.6 (3) and Lemma 1.1 of [7], we have E(A/ϑc) ≃
⊕ω∈Ωt(ϑ)E(A/℘(ω)), therefore Ass(A/ϑc) = Ω
t(ϑ).
2) Since A is an independent ring of Krull type, it follows from 1.9
that Ass(A/ϑc) ⊆ Ass(A/ϑ) and then Ω
t(ϑ) ⊆ Ass(A/ϑ). Now
suppose that ℘ is prime c-ideal of A that lies in Ass(A/ϑ). Then
there exists s ∈ A such that ℘ = ϑ : s. Hence ℘ = (ϑ : s)c = ϑc : s,
so ℘ ∈ Ωt(ϑ).
3) Follows from Theorem 1.1 (7) by using the same proof as in 2).

We conclude this section with three corollaries of the above results.
Corollary 1.12. (Beck, 1971, Corollary 3.2) Let A be a Krull domain
and Let ϑ 6= 0 be an ideal of A. Let ℘ be a prime minimal ideal of A
containing ϑ. Then ℘ ∈ Ass(A/ϑ).
Corollary 1.13. Let A be a Krull domain and let ϑ, ϑ′ be fractional
ideals of A. Then (ϑ :k ϑ
′)c = ϑc :k ϑ
′
c.
Proof. Let r, s ∈ A such that rϑ ⊂ A and sϑ′ ⊂ A. Since A is com-
pletely integrally closed, we have rϑ :k sϑ
′ = rϑ : sϑ′, but by Propo-
sition 1.6, we have (rϑ : sϑ′)c = (rϑ)c : (sϑ
′)c = rϑc : sϑ
′
c, then (rϑ :k
sϑ′)c = rϑc :k sϑ
′
c, but (rϑ :k sϑ
′)c = (ϑ :k ϑ
′ :k sr
−1)c = (ϑ :k ϑ
′)c :k
sr−1) and rϑc :k sϑ
′
c = (ϑc :k ϑ
′
c) :k sr
−1. Thus (ϑ :k ϑ
′)c = ϑc :k ϑ
′
c. 
Corollary 1.14. Let A be a S-ring of Krull type. Let ϑ be an irreducible
ideal of A such that ϑc 6= A. Then ϑ is a c-ideal.
2. The Injective Dimension Of The Quotient Category
Mod(A)/M0
In this section, we prove that over an independent S-ring of Krull
type, the injective dimension of the quotient category Mod(A)/M0 is
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exactly equal to supω∈Ωt inj.dim(ℜω).
We note that:
- The thick subcategory M0 of Mod(A) is localizing, since for all A-
module M : among the subobjects of M belonging to M0 there is a
maximal one (see Corollary 1, p. 375 of [2]).
- Mod(A)/M0 is a category with injective envelopes, and every injec-
tive object of this category is isomorphic to an object TI where I is
a codivisorial injective A-module (see Corollary 2, p. 375 of [2]).
- If A is a S-ring of Krull type, then TJ is an injective object of
Mod(A)/M0 for every injective A-module J (see Corollary 3, p. 375
of [2]).
We begin with a proposition.
Proposition 2.1. Let A be a ring of Krull type, Ω a defining family
for A, M,N two any A-modules, and let f be any A-homomorphism
from M to N . Then:
1) Suppose that fω : Mω −→ Nω is an essential extension of Mω for
all ω ∈ Ω. Then the homomorphism
f : M/M c −→ N/N c
m −→ f(m)
is an essential extension of M/M c.
2) Conversely, suppose that f is an essential extension of M . Then
fω : Mω −→ Nω is an essential extension of Mω for all ω ∈ Ω
t, in
the following cases:
(i) M is codivisorial and A is an independent ring of Krull type.
(ii) A is an independent S-ring of Krull type.
Proof.
1) It is easily seen that f(M c) ⊂ N c, and then f is well defined, but
since fω is injective for all ω ∈ Ω, it follows easily that f is also
injective. On the other hand, let H be a submodule of N/N c (N c ⊂
H) such that H ∩ f(M/M c) = 0. Then Hω ∩ (f(M/M
c))ω = 0, but
since N cω = 0, it follows that Hω ∩ f(M)ω = 0, and then Hω = 0 for
all ω ∈ Ω; i.e. H ∈ M0. Therefore H ⊂ N
c. Thus H = 0. This
implies that f is an essential extension of M/M c.
2) The two statements follow easily from [7] Proposition 1.9 and from
Proposition 1.8, respectively.

Corollary 2.2. Let A be an independent S-ring of Krull type. If M is
an ℜω-module for some ω ∈ Ω
t, then inj.dimℜω(M) = inj.dimA(M).
10 M. MOUC¸OUF
Proof. Follows immediately from Proposition 1.8. 
The next proposition is a generalization of Proposition 2.10. of [1].
Proposition 2.3. Let A be a ring of Krull type, and let M be any
A-module. Then
inj.dimA(⊕ω∈ΩMω) ≤ sup
ω∈Ω
gl.dim(ℜω).
Proof. The assertion is trivial if supω∈Ω gl.dim(ℜω) =∞. Suppose that
supω∈Ω gl.dim(ℜω) = n, then by considering Mω as an ℜω-module, we
can find an exact sequence
0 −→Mω −→ (E0)ω −→ · · · −→ (En)ω −→ 0
where (Ei)ω is an injective ℜω-module for all i ∈ {1, ..., n}. But since
ℜω is a quotient ring of A, we have (Ei)ω is an injective A-module for
all i ∈ {1, ..., n}, and then ⊕ω∈Ω(Ei)ω is an injective A-module (see [6],
Corollary 2.9.). Hence, the assertion follows from the fact that the
sequence
0 −→ ⊕ω∈ΩMω −→ ⊕ω∈Ω(E0)ω −→ · · · −→ ⊕ω∈Ω(En)ω −→ 0
is exact. 
Proposition 2.4. Let A be a ring of Krull type, and let M be an
ℜω-module for some ω ∈ Ω
t. Then:
1) inj.dimA(M) ≤ inj.dimMod(A)/M0(TM) if A is an independent ring
of Krull type.
2) inj.dimMod(A)/M0(TM) ≤ inj.dimA(M) if A is a S-ring of Krull
type .
3) If A is an independent S-ring of Krull type, then
inj.dimA(M) = inj.dimMod(A)/M0(TM).
Proof.
1) If inj.dimMod(A)/M0 (TM) =∞, we have done. We may then assume
inj.dimMod(A)/M0(TM) = m. Let
0 −→ TM −→ C0 −→ · · · −→ Cm −→ 0
an injective resolution of TM , we know that there exists I1, ..., Im
injective codivisorial A-modules such that Ci ≃ TIi, 1 ≤ i ≤ m. On
the other hand, consider the abelian category Mod(A)ω of all ℜω-
modules, and consider G = · ⊗A ℜω : Mod(A) −→ Mod(A)ω which
is an exact functor. Since GN = 0 for allN ∈M0, there is a (unique
up to isomorphism) functor H : Mod(A)/M0 −→ Mod(A)ω, such
that G = HT (see [2], Corollary 2. p. 368), and since G is exact, H
S-RINGS OF KRULL TYPE 11
is also exact (see [2], Corollary 3. p.369). Now consider the exact
sequence
0 −→ TM −→ TI0 −→ · · · −→ TIm −→ 0
We apply the exact functor H to this sequence, and drive the fol-
lowing exact sequence
0 −→Mω = M −→ (I0)ω −→ · · · −→ (Im)ω −→ 0
where (I0)ω, ..., (Im)ω are injective by Proposition 1.9. of [7]. Thus
inj.dimA(M) ≤ inj.dimMod(A)/M0(TM).
2) Follows from the fact that if A is a S-ring of Krull type, then M0
is closed under injective envelopes, and TE is an injective object of
Mod(A)/M0 if E is an injective A-module.
3) Trivial.

Theorem 2.5. Let A be an independent S-ring of Krull type. Then
inj.dim(Mod(A)/M0) = sup
ω∈Ωt
gl.dim(ℜω).
Proof. Suppose in the first case that supω∈Ωt gl.dim(ℜω) = n, let M be
any A-module, and let 0 −→ M −→ E0 −→ E1 −→ · · · be a minimal
injective resolution ofM . Then, by Proposition 1.8 and Proposition 2.1
2), (ii), 0 −→ Mω −→ (E0)ω −→ (E1)ω −→ · · · is a minimal injective
resolution of Mω as an ℜω-module, so (Ei)ω = 0 for all i ≥ n and
for all ω ∈ Ωt. It follows that Ei ∈ M0 for all i ≥ n, and then
0 −→ TM −→ TE0 −→ · · · −→ TEn −→ 0 is an injective resolution
of the object TM of Mod(A)/M0. Thus inj.dim(Mod(A)/M0) ≤ n.
On the other hand, since supω∈Ωt gl.dim(ℜω) = n, there exists ω ∈ Ω
t
such that gl.dim(ℜω) = n, hence there exists an ℜω-module M such
that inj.dimℜω(M) = n. By the preceding proposition, we have n ≤
inj.dim(Mod(A)/M0). So inj.dim(Mod(A)/M0) = n. For the case,
supω∈Ωt gl.dim(ℜω) = ∞, we use the fact that for all n ∈ N, there
exists ω ∈ Ωt and an ℜω-module M such that inj.dimℜω (M) ≥ n. It is
sufficient to use Proposition 2.4, to have inj.dim(Mod(A)/M0) = ∞.
Thus inj.dim(Mod(A)/M0) = supω∈Ωt gl.dim(ℜω). 
Corollary 2.6. Let A be an independent S-ring of Krull type and K
its quotient field. Then we have:
1) inj.dim(Mod(A)/M0) = 1 if and only if A is a Krull domain (we
assume that A is not a field).
2) gl.dim(A) = supη∈Max(A) gl.dim(Aη) if A is a Pru¨fer ring andMax(A)
is the set of maximal ideals of A.
Proof.
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1) Follows immediately from the fact that gl.dim(ℜω) ≤ 1 if and only
if ℜω is either a field or a discrete valuation domain.
2) Follows from the fact that in the case of Pru¨fer ring of Krull type,
we have M0 = 0 and Ω
t = {ω : ℜω = Aρ, ρ ∈Max(A)}.

References
[1] I.Beck, Injective modules over Krull domain, J.Algebra 17,(1971), 116-131.
[2] P.Gabriell, Des catgories abliennes, Bull. Soc. Math. France 90, (1962),
323-448.
[3] M.Griffin, Families of finite character and essential valuations, trans. Am.
Math. Soc. 130,(1968), 75-85.
[4] M.Griffin, Rings of Krull type, J.Reine Angew. Math 229, (1968), 1-27.
[5] Manfred Knebusch and Tobias Kaiser,Manis Valuations and Prfer Extensions
II, Lecture Notes in Mathematics, vol. 2103 (Springer, Berlin, 2014).
[6] M. Mouc¸ouf, Injective modules over a ring of Krull type, Communications in
Algebra 32(11), (2004), 4141-4157.
[7] M. Mouc¸ouf, Some results on injective modules over a ring of Krull type, Com-
munications in Algebra 33(11), (2005), 4125-4133.
